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a b s t r a c t

Developing next generation transient heat exchangers is a transformative technology for efficient ther-
mal management of advanced power electronics and electric machines (APEEM) inside hybrid electric,
electric, and fuel cell vehicles as well as renewable energies (wind, solar, tidal). Optimal design criteria
for such dynamic heat exchangers should be achieved through addressing internal forced convection
with arbitrary flow unsteadiness under dynamic time dependent thermal loads. Exact analytical solutions
were obtained for laminar forced-convective heat transfer under arbitrary time-dependent heat flux for
steady flow inside a tube (Fakoor-Pakdaman et al., 2014). In this study, the energy equation is solved ana-
lytically for arbitrary unsteady flow between parallel plates under dynamic time and position dependent
heat flux. As such, laminar pulsating flow between two parallel plates is considered under a harmonic
wall heat flux. Exact relationships are obtained to find; (i) temperature distribution for the fluid; (ii) fluid
bulk temperature; and (iii) the local and time averaged Nusselt number. New compact relationships are
proposed to find the thermal entrance length and the cyclic fully-developed Nusselt number. It is shown
that the period of the Nusselt number oscillations is the least common multiple of the periods of the
imposed harmonic heat flux and the pulsating flow. We obtained a relationship for the ‘cut-off’ angular
frequency of pulsating flow beyond which the heat transfer does not feel the pulsation. This study also
shows that for a given harmonic wall heat flux, there is an optimal pulsating flow velocity, with optimum
frequency, which enhances the time averaged Nusselt number by up to 27%.

! 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Optimal design of transient single-phase heat exchangers is a
key to developing innovative technology for the next generation
advanced power electronics and electric machines (APEEM).
APEEM has applications in emerging cleantech systems such as
powertrain and propulsion systems of hybrid electric, electric vehi-
cles (EV), and emerging fuel cell vehicles (FCV) [1,2] and green
power systems (wind, solar, tidal) [3,4]. Heat generation in APEEM
undergo substantial transitions as a direct result of; (i) variable
load due to duty cycle, [5–8] and (ii) unsteady coolant flow rate
over a duty cycle [9,10]. As such, the heat exchangers/heat sinks
associated with APEEM operate periodically over time and never
attain a steady-state condition. Conventionally, cooling systems
are designed based on a nominal steady-state or a ‘‘worst’’ case
scenario, which may not properly represent the thermal behavior

of various applications or duty cycles [7]. Downing and Kojasoy
[11] predicted heat fluxes of 150 ! 200 [W/cm2] and pulsed
transient heat loads up to 400 [W/cm2], for the next-generation
insulated gate bipolar transistors (IGBTs) which are used in the
design of inverter units of HEVs.

Processes such as start-up, shut down, and pump/fan failure are
other typical examples of arbitrary flow unsteadiness for dynamic/
transient heat exchangers [12–15]. Besides, depending on the func-
tionality of APEEM over a duty cycle, the coolant flow rate inside
the heat exchangers/heat sinks of HE/E/FCV is varying arbitrarily
over time [16]. Conventionally mechanical water pumps, directly
coupled to the engine, are used in gasoline/diesel vehicles. How-
ever, electric vehicles can use variable-speed electric water pump
using a separate electric motor and a controller, therefore main-
taining an ‘optimal’ and variable flow rate of the coolant is possible
over a driving cycle [9,10]. This provides an opportunity to signif-
icantly reduce the parasitic power required for the cooling of HE/E/
FCV APEEM and improve the overall efficiency of the vehicle. There
are only a few studies in the open literature on this topic. There-
fore, there is a pending need for an in-depth understanding of
instantaneous thermal characteristics of transient cooling systems
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over a given duty cycle. This study is focused on internal forced
convection with arbitrary unsteadiness in flow under arbitrary
time-varying heat flux. The results of this work will provide a plat-
form for the design, validation and building new intelligent ther-
mal management systems that can actively and proactively
control variable-speed electric pumps to circulate a coolant with
instantaneous optimal flow rate in APEEM and similar applications.

1.1. Present literature

Siegel [17] pioneered the study on transient internal forced-
convective heat transfer. He conducted several studies to investi-
gate the thermal characteristics of steady tube flow under step wall
heat flux/temperature [18–20]. Laminar pulsating flow is also
addressed in Siegel’s study [21] for planar flow in parallel plates
under constant heat flux/wall temperature cases. It is shown that
quasi-steady assumption does not give an accurate prediction of
the thermal characteristics of the pulsating flow for moderate
range of pulsation frequency [21]. Guo and Sung [22] addressed
the contradictory results of the Nusselt number for pulsating flow
in previous published papers; as some researchers had reported
heat transfer enhancement, see Refs. [23,24], while heat transfer
reduction had been noted in Ref. [25]. They proposed a new model
for the time-averaged Nusselt number of laminar pulsating flow
under constant wall heat flux. Such definition was introduced
based on the time-averaged differences between the tube-wall
and fluid-bulk temperatures over a pulsation period. Hemida
et al. [26] argued that the small effects of pulsation, which had
been noted in previous studies occurred as a result of the restric-
tive boundary conditions. Wall temperature/heat flux was
assumed constant both in space and time. This may affect the heat
exchange process, and reduce the effects of pulsation. This shows
the necessity to consider more realistic boundary conditions for
the tube wall other than constant heat flux or temperature.
Less restrictive boundary conditions might manifest into greater

sensitivity to pulsation [26]. This is one of the key issues addressed
in the present study. In addition, Brereten and Jiang [27]
introduced the idea of fluid flow modulation to increase the
time-averaged Nusselt number of pulsating flow under constant
heat flux. A summary of literature on laminar pulsating flow is
presented in Table 1. Our literature review indicates:

" The existing models for pulsating channel flow are limited to
constant wall heat flux/temperature cases.
" Effects of simultaneous oscillation of imposed heat flux and

fluid velocity are not investigated in the literature.
" There is no model to determine an optimal velocity frequency

for a given harmonic heat flux to maximize the convective heat
transfer rate.

To the best of our knowledge, effects of non-constant boundary
conditions have not been investigated in the literature neither
experimentally nor theoretically. In other words, the answer to
the following question is not clear: ‘‘can flow pulsation enhance
the heat transfer rate in heat exchangers under arbitrary time-
dependent loads?’’

In our previous studies [31,32], a comprehensive analytical
study was performed to predict the thermal characteristics of lam-
inar steady flow under dynamic time-dependent wall heat flux. In
the present study, a new analytical model is developed for laminar,
single-phase heat transfer between two parallel plates with arbi-
trary flow unsteadiness under arbitrary time/position dependent
wall heat flux. Laminar pulsating flow and harmonic heat flux are
considered to obtain exact relationships for: (i) fluid temperature
distribution inside the channel; (ii) fluid bulk temperature; and
(iii) the Nusselt number. The period of Nusselt number oscillation
is obtained under simultaneous oscillation of flow and the imposed
wall heat flux. Following Ref. [23], a new definition is introduced to
obtain the time-averaged Nusselt number. In addition, optimal pul-
sating velocity with optimum frequency is found that maximizes

Nomenclature

a Half width of the parallel plates, [m]
cp heat capacity, [J/kg K]
f Arbitrary function of time, Eq. (2), ¼ uðtÞ

ur

Fn Eigen values, Eq. (7)
Fo Fourier number, = at/R2

h Local heat transfer coefficient, Eq. (23), [W/m2 K]
k Thermal conductivity, (W/m K)
n Positive integer, Eq. (7), = 1,2,3,. . .
Nua Local Nusselt number, Eq. (23), = ha/k
p Dimemsionless period of temperature fluctuation
p1 Dimensionless period of heat flux fluctuation, ¼ 2p

x1
p2 Dimensionless period of pulsatile velocity, ¼ 2p

x2
Pe Peclet number, = Re & Pr
Pr Prandtl number, = m/a
q00 Thermal load (Heat flux), [W/m2]
Re Reynolds number, = 4ura/t
t Time, [s]
T Temperature, [K]
u Velocity, [m/s]
x Axial distance from the entrance of the heated section,

[m]
y Normal coordinate measured from centerline of parallel

plate channel, [m]
X Dimensionless axial coordinate, = 4x/Re & Pr & a
Y Dimensionless normal coordinate, = y/a

Greek letters
a Thermal diffusivity, [m2/s]
m Kinematic viscosity, [m2/s]
q Fluid density, [kg/m3]
h Dimensionless temperature, ¼ T!T0

q00r a=k

u Arbitrary function of X and Fo, Eq. (4)
X1 Angular frequency of the heat flux, [rad/s]
X2 Angular frequency of the fluid velocity, [rad/s]
x1 Dimensionless angular frequency of the wall heat

flux, = X1a2/a
x2 Dimensionless angular frequency of the fluid veloc-

ity, = X2a2/a
s Dimensionless arbitrary time
n Dummy Fo variable
f Dummy X variable

Subscripts
0 Inlet
m Mean or bulk value
w wall
r Reference value
s Step heat flux
Tr. Transition
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the heat transfer rate in the channel flow under a given harmonic
wall heat flux. An independent numerical study is also performed
which compares well with the analytical results; maximum relative
difference less than 6%.

To develop the present analytical model, the fluid flow response
to a step heat flux is taken into account. A Duhamel’s theorem is
applied on the thermal response of the fluid flow under the step
heat flux, following Ref. [17]. The methodology presented in Ref.
[32] is extended to account for arbitrary flow unsteadiness under
arbitrary wall heat flux. A harmonic heat flux and pulsating
laminar flow are taken into consideration and the thermal charac-
teristics of the fluid flow are determined analytically. Since any
time-dependent wall heat flux can be expressed by simple
oscillatory functions using a Fourier series transformation [33],
the results of this study can be readily applied to determine the
pulsating fluid flow response under an arbitrary time-varying heat
flux. This approach enables analyzing transient single-phase
convective heat transfer under various time-varying conditions,
using a superposition technique.

2. Governing equations

Fig. 1 shows fluid flow between two parallel plates with half
width of spacing, a, which is thermally insulated in the first
sub-region, x 6 0, and is heated in the second sub-region, x > 0.
The entering fluid temperature is maintained at T0 throughout

the heating period. The wall at the second sub-region is given by
an arbitrary time-dependent heat flux, q00(t). It should be noted that
the second sub-region may be long enough so that the flow can
reach thermally fully-developed condition, see Fig. 1. It is intended
to determine the evolution of the channel wall temperature, fluid
bulk temperature and the Nusselt number as a function of time
and space for the entire range of time. Such characteristics are
evaluated under dynamic time-dependent heat flux for a fluid flow
with arbitrary time-varying velocity.

The assumptions made in deriving the proposed analytical
model are listed below:

" Incompressible flow,
" Constant thermo-physical properties,
" Negligible viscous dissipation,
" Negligible axial heat conduction, i.e., Pe = Re ' Pr P 10 [25],
" No thermal energy sources within the fluid,
" No flow reversal in the duct,
" Fluid flow velocity is only a function of time, i.e., slug flow

u = u(t).

The slug flow approximation means consideration of one-
dimensional velocity distribution, i.e., the fluid is moving through
the channel with a mean velocity that can be a function of time.
As demonstrated in Refs. [17,20], the slug flow approximation
reveals the essential physical behavior of the system, while it
enables obtaining exact mathematical solution for various bound-
ary conditions. Using this simplification one can study the effects
of various boundary conditions on transient heat transfer without
tedious numerical computations [17,20].

The energy equation for a slug flow inside two parallel plates is
then become:

@T
@t
þ uðtÞ @T

@x
¼ a @2T

@y2

 !
ð1Þ

where the transient velocity between the parallel plates, u(t), in the
energy equation can be written as follows:

uðtÞ ¼ ur ' f ðtÞ ð2Þ

Here ur is a constant reference velocity, and f(t) is an arbitrary func-
tion of time. For a special case where f(t) = 1, the channel flow veloc-
ity is constant slug flow, u = ur, which was investigated in our

Table 1
Summary of the literature on laminar pulsating channel flow.

Author Approach Notes

Siegel and Perlmutter
[21]

Analytical (method of characteristics)
p

Reported temperature distribution between two parallel platesp
Covered thermally developing and fully-developed regions

' Limited to step wall temperature and heat flux
' Nusselt number was defined based on the tube wall and inlet fluid temperature

Hemida et al. [26] Analytical/numerical (Green’s function
solution)

p
Reported a closed-form relationship for the temperature distribution in fully-developed
regionp
Considered different BCs: (i) isoflux; (ii) wall with thermal resistance; (iii) wall with ther-
mal inertia

' Treated thermally developing region only numerically
Nield and Kuznetsov

[28]
Analytical (perturbation method)

p
Reported transient Nusselt number in circular tubes and parallel platesp
Definition of the Nusselt number similar to [22]

' Reported singularity in the solution for Pr = 1
' Limited to constant wall heat flux
' Limited to oscillations with small amplitudes

Zhao and Cheng [29] Numerical
p

Proposed a compact relationship for the time averaged Nusselt number for reciprocating
flowp
Covered both thermally developing and fully-developed regions

' Limited to constant wall temperature
Yan et al. [30] Analytical/experimental

p
Reported series solutions for temperature distribution and Nusselt number

' Limited to constant wall temperature

Thermally
fully-developed

region

Insulated section, 
Heated section, 

Inlet
temp.,

Heat
flux,

Time [s] 

Thermal
entrance
region Fluid vel., 

Fig. 1. Schematic of the developing and fully-developed regions, time-dependent
wall heat flux and fluid velocity as well as the coordinate system.
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previous works [31,32]. As such, the dimensionless form of the
energy equation, Eq. (1), then becomes:

@h
@Fo
þ u

ur

@h
@X
¼ @2h

@Y2 ð3Þ

We define the following dimensionless variables:

Fo ¼ at
a2 X ¼ 4x=a

Re & Pr
h ¼ T ! T0

q00r a=k
Y ¼ y

a
Re ¼ 4ura

t Pr ¼ t
a

where Fo is the Fourier number and X is the dimensionless axial
location that characterizes the flow inside a conduit. As previously
mentioned, the goal of this study is to find the transient thermal
response of unsteady forced-convective channel flow under arbi-
trary time-dependent wall heat flux. Therefore, a general wall heat
flux is assumed as:

q00ðX; FoÞ ¼ q00r & u X; Foð Þ ð4Þ

where q00r is the heat flux amplitude and u (X,Fo) is an arbitrary
function of space and time, respectively. Consequently, Eq. (4) is
subjected to the following initial and boundary conditions:

h Y;X;0ð Þ ¼ 0 Initial condition;
h Y; 0; Foð Þ ¼ 0 Entrance condition;

@h=@Yð ÞjY¼1 ¼
q00

q00r
X; Foð Þ ¼ uðX; FoÞ

Heat flux at the channel wall for Fo > 0;
@h=@Yð ÞjY¼0 ¼ 0 Symmetry at the channel centerline: ð5Þ

Although the analysis here are performed for fluid flow between
parallel plates, the same methodology can be adopted for other
geometries, see Ref. [34] for more detail.

3. Model development

In this section, a new all-time model is developed considering;
(i) short-time response and (ii) long-time response. When a slab at
uniform temperature T0 is suddenly subjected to a step heat flux D
q00 at its surface, the temperature response is [17]:

hs ¼
T ! T0

q00r a=k

¼ Dq00

q00r
Foþ 3Y2 ! 1

6
! 2

X1

n¼1

!1ð Þn

F2
n

' cos FnYð Þ ' exp !F2
n ' Fo

! "" #

ð6Þ

where hs is the dimensionless temperature of the fluid under a step
wall heat flux, Fn are the eigenvalues which can be found by the
following relationship:

Fn ¼ np n ¼ 1;2;3; ::: ð7Þ

The energy equation, Eq. (1), is linear, therefore; a superposition
technique can be used to extend the response of the fluid flow for

a step heat flux to the other general cases, as discussed in more
detail in [35]. Following Siegel [35], by using Duhamel’s integral
[36], the thermal response for a step heat flux, Eq. (6), can be gen-
eralized for arbitrary time/space variations in wall heat flux.

h ¼
Z Fo

0

q00 nð Þ
q00r

dnþ 2
X1

n¼1

!1ð Þn ' e!F2
n'Fo ' cos FnYð Þ

'
Z Fo

0

q00 nð Þ
q00r
' exp F2

n ' n
! "

dn ð8Þ

This expression is only valid when the element is initially isother-
mal, thus the treatment is limited to the cases where the channel
was initially isothermal. However, extension to other cases can be
achieved by superposition techniques, as discussed in [35].

As shown in Fig. 2, in an Eulerian coordinate system, where the
observer is fixed at a given location x along the channel observing
the fluid element passes by. For the considered unsteady flow, Eq.
(2), it takes some time, Fo = Fotr., for the fluid element at the
entrance to reach a given axial position say X1. As such, the rela-
tionship between the given axial position X1 and transition time
Fotr. can be formulated as:

X1 ¼
Z Fotr:

n¼0
f nð Þdn ð9Þ

Where n is the dummy variable, and Fotr. is the non-dimensional
time that takes for the fluid element to reach location X1. Beyond
this distance region, X P X1, there has not been any penetration of
the fluid which was originally outside the channel when the tran-
sient began. Hence, the behavior in this region is identical to that
of a channel with infinite length in both directions. This means that
the convective term in the energy equation, Eq. (1), is zero and a
pure transient ‘‘heat-conduction’’ process takes place. This is con-
sidered the short-time response of the flow [35]. On the other hand,
for X < X1 the observer located at X will see the passing fluid that
passed the entrance (insulated) region, when the transient was ini-
tiated. This is considered the long-time response of the flow [35].
Therefore, the solution consists of two regions that should be con-
sidered separately. The methodology considered in this study is
shown schematically in Fig. short-time response, X P X1

For the sake of generality, we consider a case, where the wall
heat flux varies with both time and space, q00(X,Fo). We first
consider the region X P X1. A fluid element that reaches X at time
Fo has already passed the heated section at the location
X !

R Fo
n¼0 f ðnÞdn at the beginning of the transient. As this element

moves along, it is subjected to the wall heat flux variations in both
time and space. At a time s between 0 and Fo, the element arrives
at the location X !

R Fo
n¼s f ðnÞdn . Thus, the heat flux that the element

is subjected to at that time is q00 X !
R Fo

n¼s f ðnÞdn; s
! "

. This is

substituted into Eq. (8) to find the short-time response for the fluid
temperature distribution [35].

hðX; FoÞ ¼
Z Fo

0

q00 X !
R Fo

n¼s f ðnÞdn; s
! "

q00r
dsþ 2

X1

n¼1

!1ð Þn

' cos FnYð Þ ' exp !F2
n ' Fo

! "

'
Z Fo

0

q00 X !
R Fo

n¼s f ðnÞdn; s
! "

q00r
' exp F2

ns
! "

ds ð10Þ

It should be noted that according to Eq. (10) when the imposed wall
heat flux is only a function of time, q00 = q00(Fo), the short-time ther-
mal response of the fluid flow is independent of the axial position.
However, it is a function of time and the characteristics of the
imposed wall heat flux.

Entrance
region

Arbitrarily chosen axial 
position,

Long-time
response

Short-time
response

Entrance
fluid element 

Fig. 2. The methodology adopted to find the thermal response of the unsteady
channel flow under arbitrary time-dependent heat flux.
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3.1. Transition time, X = X1

As mentioned earlier the transition time, Fo = Fotr., for a given
axial position, X = X1, can be calculated using Eq. (9). Therefore,
the time Fo = Fotr. separates the short-time from the long-time
response for a given axial position.

3.2. Long-time response, X < X1

Now we consider X < X1 region. The element that reaches X at
time Fo, has entered the channel at the time Fo0 and already begun
to be heated. This time is found from the following implicit
relation:

X ¼
Z Fo

Fo0

f ðnÞdn ð11Þ

Then for this region, we can use Eq. (10) except that the lower limit
of the integrals becomes the initial time, Fo0. Then by analogy with
Eq. (10), for X < X1 we have:

hðX; FoÞ ¼
Z Fo

Fo0

q00 X !
R Fo

n¼s f ðnÞdn; s
! "

q00r
dsþ 2

X1

n¼1

!1ð Þn ' cos FnYð Þ

' exp !F2
n ' Fo

! "
'
Z Fo

Fo0

q00 X !
R Fo

n¼s f ðnÞdn; s
! "

q00r

' exp F2
ns

! "
ds ð12Þ

It should be noted that to find the long-time response, Eqs. (11) and
(12) should be solved simultaneously. According to Eq. (12), the
long-time thermal response of the fluid flow is a function of time,
axial position and the characteristics of the imposed wall heat flux.
More detail is presented in Refs. [31,32,37].

4. Heat flux and velocity transients

It is assumed that the transient is initiated by simultaneously
changing the fluid flow velocity and channel wall heat flux over
time (duty cycle). We develop the present model for a cyclic wall
heat flux, as a basic element, noting that the results can be general-
ized to cover cases with arbitrary time variations in wall heat flux
through superposition technique, e.g., Fourier series, Ref. [33].
Throughout this study, the following is considered as a cyclic wall
heat flux,

q00

q00r
X1; tð Þ ¼ 1þ sin X1tð Þ½ * ð13Þ

where, q00r ½W=m2* and X1 [rad/s] are the amplitude and the angular
frequency of the imposed harmonic heat flux. The dimensionless
form of Eq. (13) is given below:

q00 x1; Foð Þ ¼ q00r 1þ sin x1 ' Foð Þ½ * ð14Þ

where x1 ¼ X1'a2

a is the dimensionless angular frequency of the
imposed wall heat flux. In the following sections, the thermal char-
acteristics of unsteady channel flow are investigated under dynam-
ically varying thermal loads for various forms of transient fluid
velocity inside the channel. First, laminar pulsating flow is consid-
ered for the fluid velocity. Subsequently, a modified form of pulsa-
tion is determined to enhance the convective heat transfer rate
inside the parallel plates.

4.1. Laminar pulsating flow

In this section, we assume a pulsatile transient velocity which is
caused by superimposing pulsation on a mean flow between paral-
lel plates:

u
ur
¼ f ðtÞ ¼ 1þ sin X2 ' tð Þ ð15Þ

where ur [m/s] and X2 [rad/s] are the amplitude and the angular
frequency of the pulsatile flow, respectively. The dimensionless
form of Eq. (15) is as follow:

u
ur
¼ 1þ sin x2 ' Foð Þ ð16Þ

where x2 is the dimensionless angular frequency of the fluid veloc-
ity. At the limit where x2 = 0, Eq. (16) yields the constant slug flow
inside a conduit. In the following sections, we find the temperature
distribution and the Nusselt number for the aforementioned wall
heat flux, Eq. (14), and transient velocity, Eq. (16).

4.1.1. Temperature distribution inside the fluid
The dimensionless transition time, Fotr., for a given axial posi-

tion, X = X1, can be obtained implicitly by substituting Eq. (16) into
Eq. (9) as follows:

X1 ¼ Fotr: þ
1
x2

1! cos x2 ' Fotr:ð Þ½ * ð17Þ

Short-time response, X P X1:

h X; Fo;x1ð Þ ¼ Foþ 1
x1

1! cos x1Foð Þ½ * þ 3Y2 ! 1
6

þ 2
X1

n¼1

!1ð Þn

' cos FnYð Þ '

F2
n'sin x1Foð Þ!x1'cos x1Foð Þþx1'exp !F2

n'Foð Þ
x2

1þF4
n

! exp !F2
n'Foð Þ

F2
n

8
><

>:

9
>=

>;

ð18Þ

Long-time response, X 6 X1:

h X; Fo;x1ð Þ ¼ Fo! Fo0 þ
1
x1

cos x1Fo0ð Þ ! cos x1Foð Þ½ *

þ 3Y2 ! 1
6

þ 2
X1

n¼1

!1ð Þn ' cos FnYð Þ

'

F2
n'sin x1Foð Þ!x1'cos x1Foð Þ

x2
1þF4

n
þ

!F2
n'sin x1Fo0ð Þþx1'cos x1Fo0ð Þf g'exp F2

n' Fo0!Foð Þ½ *
x2

1þF4
n

!

exp F2
n' Fo0!Foð Þ½ *

F2
n

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;

ð19Þ

Where Fo0 is found from the following relationship:

X1 ¼ Fo! Fo0 þ
1
x2

cos x2 ' Fo0ð Þ ! cos x2 ' Foð Þ½ * ð20Þ

In this study, we considered the first 60 terms of the series solu-
tions, using more terms does not affect the solution up to four dec-
imal digits.

4.1.2. Fluid bulk temperature
The bulk temperature of a constant-property fluid for the slug

flow condition can be obtained by the following relationship, Ref.
[38]:

hmðX; FoÞ ¼
Z 1

0
h Y ;X; Foð ÞdY ð21Þ

Substituting Eqs. (18) and (19) into Eq. (21), the short-time and
long-time fluid bulk temperature can be obtained as follows:

hmðX; Fo;x1Þ ¼
Foþ 1

x1
½1! cosðx1FoÞ* X P X1

Fo! Fo0 þ 1
x1
fcosðx1Fo0Þ ! cosðx1FoÞg X < X1

(

ð22Þ
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4.1.3. Nusselt number
In most Siegel works [16–21], the transient thermal behavior of

a system is evaluated based on the dimensionless wall heat flux
considering the difference between the local tube wall and the ini-
tial fluid temperature. We are of the opinion that an alternative
definition of the local Nusselt number has a more ‘physical’ mean-
ing, i.e., based on the local difference between the channel wall and
the fluid bulk temperature at each axial location; this is consistent
with Refs. [22,38]. It should be emphasized that the definition of
the Nusselt number is an arbitrary choice and will not alter the
final results.

Nua ¼
ha
k
¼

1þ sin x1Foð Þ
hw ! hm

ð23Þ

where Nua is the local Nusselt number and hw is the dimensionless
wall temperature obtained from Eqs. (18) and (19) with Y = 1.
Therefore, the short-time and long-time Nusselt numbers are
obtained as follows:

Short-time Nusselt number, X P X1:

Nua Fo;x1ð Þ ¼ 1þ sin x1Foð Þ

1
3þ 2

X1

n¼1

F2
n'sin x1Foð Þ!x1'cos x1Foð Þþx1'exp !F2

n'Foð Þ
x2

1þF4
n

! exp !F2
n'Foð Þ

F2
n

8
><

>:

9
>=

>;

ð24Þ

Long-time Nusselt number, X < X1:

NuaðX;Fo;x1Þ¼
1þ sin x1Foð Þ

1
3þ2

X1

n¼1

F2
n'sin x1Foð Þ!x1'cos x1Foð Þ

x2
1þF4

n
þ

!F2
n'sin x1Fo0ð Þþx1'cos x1Fo0ð Þf g'exp F2

n' Fo0!Foð Þ½ *
x2

1þF4
n

!

exp F2
n' Fo0!Foð Þ½ *

F2
n

8
>>>>><

>>>>>:

9
>>>>>=

>>>>>;

ð25Þ

As previously mentioned in Section 3, the short-time Nusselt num-
ber is only a function of time and angular frequency. However, the
long-time Nusselt number is a function of time, angular frequency,
and the axial location. In addition, Fo0 is found by Eq. (20). The time-
averaged Nusselt number over a period of fluctuation is defined in
this study as follows:

Nua Xð Þ ¼ 1
p

Z p

Fo¼0
NuadFo ð26Þ

where NuaðXÞ is the local time-averaged Nusselt number and p is
the period of temperature oscillation inside the fluid. The latter
depends on the period of heat flux, p1 ¼ 2p

x1
, and the fluid flow pul-

sation, p2 ¼ 2p
x2

. This will be discussed in detail in Section 6.

4.2. Optimum transient velocity

An optimum pulsating velocity can be defined to increase the
time-averaged Nusselt number of a pulsating flow compared to
its associated constant slug flow condition, see Ref. [27]. This will
be discussed in detail in Section 6. This optimal pulsating velocity
is considered as follows:

u
ur
¼ 1þ sin x2 ' Foð Þj j ð27Þ

For this transient velocity, the temperature distribution is obtained
by Eqs. (18) and (19), while the Nusselt number can be calculated
by Eqs. (24) and (25). However, modified forms of Eqs. (9) and
(11) should be solved to find Fotr. and Fo0 implicitly for a given axial
position, X = X1, over time. As a result, Eq. (28) indicates the implicit

relationship for dimensionless transition time, Fo = Fotr., for an arbi-
trarily chosen axial position, X = X1.

X1 ¼
Z Fotr:

f¼0
1þ sin x2fð Þj j½ *df ð28Þ

In addition, to find the long-time response the following implicit
relationship can be used to find the parameter Fo0, for an arbitrary
axial position, X = X1.

X1 ¼
Z Fo

f¼Fo0

1þ sin x2fð Þj j½ *df ð29Þ

5. Numerical study

In this section, an independent numerical simulation of the axi-
symmetric flow inside parallel plates is conducted using the com-
mercial software, ANSYS" Fluent [20]. User defined codes (UDFs)
are written to apply the dynamic heat flux boundary conditions
on the channel wall, Eq. (14), and the transient velocity between
the parallel plates, Eq. (16). The assumptions stated in Section 2
are used in the numerical analysis. Grid independency of the
results is tested for three different grid sizes, 20 ' 100, 40 ' 200,
as well as 80 ' 400, and 40 ' 200 is selected as the final grid size,
since the maximum difference in the predicted values for the fluid
temperature by the two latter grid sizes is less than 2%. Air is
selected as the working fluid for the numerical simulations. The
geometrical and thermal properties used in the baseline case for
the numerical simulation are listed in Table 2. The maximum rela-
tive difference between the analytical results and the numerical
data is less than 6%, which are discussed in detail in Section 6.

6. Results and discussion

Variations of the dimensionless channel wall temperature
against the Fo number, Eqs. (18) and (19), for three axial positions
along the channel are shown in Fig. 3 and compared with the
numerical data (markers) obtained in Section 5 of this study. The
imposed wall heat flux is assumed to be constant over time,
q00 ¼ q00r ¼ const:, and the fluid velocity fluctuates harmonically
over time, UðFoÞ ¼ u

ur
¼ 1þ sinðp' FoÞ, respectively.

One can conclude the following from Fig. 3:

" The present model predicts an abrupt transition between the
short-time and long-time responses. The numerical results,
however, indicate a smoother transition between the responses.
This causes the numerical data to deviate slightly from the ana-
lytical results as the long-time response begins. The maximum
relative difference between the present analytical model and
the numerical data occurs at this transition and is less than 6%.
" The abrupt transition between the short- and long-time

responses occurs as a result of the limitations of the method
of characteristics which is used to solve the energy equation,
Eq. (3). More detail is presented in Ref. [31].
" There is an initial transient period of pure conduction during

which all of the curves follow along the same line, Fo 6 Fotr..
" When Fo = Fotr., each curve stems from the common line, i.e.,

pure conduction response, and moves towards a steady oscilla-
tory behavior at long-time response, Eqs. (18) and (19). The wall
temperature increases at larger X values, as expected, because
of the increase in the fluid bulk temperature in the axial
direction.
" When the heat flux is constant and the fluid velocity is fluctuat-

ing over time, the temperature field fluctuates with the same
angular frequency. It is also the case when the velocity is con-
stant and the wall heat flux is fluctuating harmonically over
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Table 2
Values of the thermal and geometrical properties used for the baseline case in the present numerical simulation.

Properties Density, q[kg/m3] Dynamic viscosity, l[Pa s] Thermal conductivity, k[W/m/K] Thermal capacity, cp[J/kg/K] Channel half width, a[m]

Values 1.225 1.7894E-5 0.0242 1006.43 0.05

q00r ¼ 100 ½W=m2*; ur ¼ 0:02 ½m=s*; T0 ¼ 300 ½K*

Fig. 3. Channel wall temperature against the dimensionless time, Eqs. (18) and (19), for a few axial positions along the channel, and comparison with the obtained numerical
data (markers), when q00 = const. and U = 1 + sin(p ' Fo).

Fig. 4. Variations of the dimensionless fluid temperature at an arbitrarily-chosen axial position of X = 0.3 at different vertical positions across the channel against the Fo
number where q00=q00r ¼ 1þ sinð8p' FoÞ and U(Fo) = u/ur = 1 + sin(8p ' Fo).
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time, see Ref. [32] for more detail. The angular frequency of the
temperature field inside the fluid when both heat flux and
velocity are fluctuating over time will be discussed later in this
section.
" The shift between the peaks of the temperature profile is

marked at different axial positions. This shows a ‘‘thermal lag’’
(inertia) of the fluid flow, which increases in x-direction
towards the downstream of the channel.

Variations of the dimensionless temperature inside the fluid for
a few vertical positions across the channel against the dimension-
less time are depicted in Fig. 4. The axial position is arbitrarily fixed
at X = 0.3; the imposed heat flux, and the fluid velocity are varying
harmonically over time, i.e., q00=q00r ¼ 1þ sinð8p' FoÞ and
U(Fo) = 1 + sin(8p ' Fo), respectively.

The following can be concluded from Fig. 4:

" At any given axial position, there is an initial transient period,
which can be considered as pure conduction, i.e., the short-time
response for Fo 6 Fotr.. However, as previously mentioned, each
axial position shows a steady oscillatory behavior for Fo > Fotr. at
the long-time response.
" Regarding Eq. (17), for a given axial position of X = 0.3, the long-

time response begins at Fotr. = 0.28, and shows the same behav-
ior at all-time thereafter.
" The shift between the peaks of the temperature profile is

marked at different vertical positions. This shows a ‘‘thermal
lag’’ (inertia) of the fluid flow, which increases towards the cen-
terline of the channel in they-direction. In fact, this happens due
to the thermal inertia of the fluid, and the harmonic heat flux
imposed on the channel wall, q00=q00r ¼ 1þ sinð8p' FoÞ.
" At a given axial position, the fluid temperature increases in

radial locations closer to the channel wall. This occurs since;
(i) the heat flux is imposed at the channel wall; and (ii) the fluid
thermal inertia is less in regions near the wall.

Fig. 5 shows the variations of the local Nusselt number versus
the Fourier number for three axial positions along the channel.
The imposed wall heat flux and the fluid velocity are considered

to vary harmonically over time, i.e., q00

q00r
¼ 1þ sinð8p' FoÞ and

U = 1 + sin(8p ' Fo), respectively.
The following can be concluded from the trends in Fig. 5:

" At early times, before the initiation of the long-time response,
‘‘pure-conduction-like’’ heat transfer occurs, and the Nusselt
number of all axial positions is only a function of time.
" The troughs of the Nusselt number at different axial positions

are the same corresponding to the times, when the wall heat
flux is zero.
" The values of the Nusselt number decrease at higher axial loca-

tions, i.e., further downstream. This is attributed to the bound-
ary layer growth which insulates the channel wall, and reduces
the rate of the heat transfer.
" For axial positionsX P 0.3, the Nusselt number varies less than

4% with an increase in axial position. This indicates the exis-
tence of a fully-developed region similar to that of the constant
slug flow under dynamic thermal load, see Ref. [32]. At X = 0.3,
the boundary layers on the channel wall merge and the Nusselt
number reaches its cyclic fully-developed value.
" In thermal fully-developed region: defined as the region where

X P 0.3, the Nusselt number for pulsating channel flow under
harmonic heat flux does not vary with the axial location any
further. However, it can be an arbitrary function of time and
the characteristics of the imposed heat flux.
" The main characteristic of the defined fully-developed region,

X P 0.3, is the fact that the pulsation effect is fully damped.
As such, the fully-developed Nusselt number for pulsating flow
with a given angular frequency yields that of the constant slug
flow condition.
" Using a curve fitting technique, the following compact relation-

ship is developed in this study. This relationship can be used to
find the fully-developed Nusselt number for laminar pulsating
flow under dynamic heat flux for p 6x1 6 10p, p 6x2 6 15p,
and X P 0.3. The maximum relative difference between the
exact series solution, Eq. (25), and Eq. (30) is less than 10%.

Nua ¼
1þ sin x1 ' Foð Þ

1
3þ 0:16' sin x1 ' Fo! 0:7ð Þ

ð30Þ

Fig. 5. Variations of the local Nusselt number against the Fourier number at different axial positions along the channel, when q00
q00r
¼ 1þ sinð8p' FoÞ and U = 1 + sin(8p ' Fo).
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Depicted in Fig. 6 are the variations of the local Nusselt number
against the dimensionless time, Fo, for different values of the pulsa-
tion angular frequency, x2. The imposed wall heat flux is assumed
to vary harmonically over time, i.e., q00

q00r
¼ 1þ sinð2p' FoÞ. The

results are shown for an arbitrary axial position, X = 0.15. The trends
for other axial positions are similar.

The following conclusions can be drawn from Fig. 6:

" The local Nusselt number is zero at times when the imposed
wall heat flux is zero.
" When the periods of the heat flux and pulsating velocity are

p1 ¼ 2p
x1

and p2 ¼ 2p
x2

, respectively, the period of fluid temperature
is the least common multiple (LCM) of the periods. As such, as
shown in Fig. 6, when x1 = 2p and x2 = 8p, the period of the
long-time temperature inside the fluid is:

p1 ¼ 2p
x1
¼ 1

p2 ¼ 2p
x2
¼ 1

4

(
) p ¼ LCM p1;p2ð Þ ¼ 1 ð31Þ

" For a pulsating velocity with high angular frequency, the fluid
does not follow the cycles of the velocity due to its thermal iner-
tia, i.e., the fluctuations are filtered out. Therefore, for high
angular frequencies, the flow acts as if the fluid velocity is con-
stant at the average value associated with zero frequency for
the sinusoidal term of the pulsating velocity, for this case. This
is called the ‘‘cut-off’’ pulsation frequency.
" Dimensionless cut-off pulsation frequency: defined in this

study as the angular frequency beyond which the pulsating
Nusselt number lies within ± 5% of that of steady slug flow
condition. As such, for a pulsating flow between parallel plates

subjected to harmonic wall heat flux, x2 ¼ X2'a2

a ¼ 15p is the
cut-off angular frequency.
" Regarding Eq. (15), the dimensionless cut-off frequency is a

function of pulsation angular frequency, X2 [rad/s], channel half

width, a[m], and fluid thermal diffusivity, a m2

s

h i
.

Fig. 7 shows the variations of the local Nusselt number at an arbi-
trarily chosen axial position, X = 0.1, against the Fourier number.

Pulsating flow, U = 1 + sin(p/8 ' Fo), and constant slug flow,
U ¼ u

ur
¼ 1, are considered for the fluid velocity. In addition, the

imposed wall heat flux is chosen arbitrarily as q00

q00r
¼ 1þ sinðp' FoÞ.

The following conclusions can be drawn from Fig. 7:

" For a constant velocity inside the conduit, the long-time Nusselt
number fluctuates with the angular frequency of the imposed
heat flux. In mathematical notation, x2 ¼ 0) p ¼ p1 ¼ 2p

x1
¼ 2.

" For the considered pulsating velocity, p2 ¼ 2p
x2
¼ 16, and the

period of the imposed wall heat flux is, p1 = 2. Therefore the per-
iod of fluctuations of the local Nusselt number for this instance
is: p = LCM(2,16) = 16. The results will be repeated periodically
from that time thereafter, Fo P 16.
" Over the first half cycle of the pulsation, Fo 6 p2

2 , the Nusselt
number of pulsating velocity is higher than that of constant slug
flow. In fact, this happens since during the first half cycle the
sinusoidal term of pulsating velocity is positive. As a result,
the flow rate inside the conduit is higher than that of constant
slug-flow case.
" On the other hand, over the second half cycle, p2

2 6 Fo 6 p2 , the
sinusoidal term of the pulsating velocity becomes negative
which in turn decreases the local Nusselt number of the pulsat-
ing flow compared to its constant slug-flow case.
" The time averaged Nu number is the area under the local Nu

curves presented in Fig. 7, see Eq. (26). As such, over the defined
period of fluctuation, 0 6 Fo 6 p, the time-averaged Nu number
for pulsating flow is equal to that of constant slug-flow case.
" Modulating the pulsating velocity to maintain the oscillatory

term positive can remarkably enhance the local Nusselt number
at a given axial position, see Ref. [27]. This is called the ‘‘optimal
pulsating velocity’’ which can be defined as, U ¼ u

ur
¼ 1þ

j sinðx2FoÞj.

Fig. 8 depicts the variations of the local Nu number against the
Fo number for different values of angular frequencies of the ‘‘opti-
mal pulsating velocity’’, i.e., U ¼ u

ur
¼ 1þ j sinðx2FoÞj. The axial

position is arbitrarily chosen at X = 0.1, and the imposed heat flux
is assumed as, q00

q00r
¼ 1þ sinðp' FoÞ.

The following can be concluded from Fig. 8:

Fig. 6. Variations of the local Nusselt number versus dimensionless time (Fo number), for different values of the pulsation frequency x2, where q00
q00r
¼ 1þ sinð2p' FoÞ.
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" Irrespective of the angular frequency over a given period of
time, the Nusselt number of the optimal pulsating flow is higher
than that of the constant slug flow case.
" Comparing Figs. 7 and 8, it is evident that the local Nu number

reduction which happened for the second half cycle of pulsating
flow, U = 1 + sin(x2 ' Fo), does not exist when using optimal
pulsating flow, i.e., U = 1 + jsin(x2Fo)j.
" As previously mentioned, the time averaged Nusselt number is

the area below the local Nu curves presented in Fig. 8. Since this
area is not the same for different angular frequencies, the time
averaged Nusselt number depends on the angular frequency of
the optimal pulsating flow.
" For a given harmonic wall heat flux, there is an ‘‘optimum angu-

lar frequency’’ which maximizes the time-averaged Nu number

of optimal pulsating flow, U = 1 + jsin(x2Fo)j, compared to its
constant slug flow case, U ¼ u

ur
¼ 1.

Fig. 9 shows the enhancement of time averaged Nusselt number
as a result of using the optimal pulsating flow compared to the cor-
responding steady slug flow inside a duct. Three axial positions
along the duct are chosen arbitrarily to show the time averaged
Nu number enhancement. Note that the heat transfer enhance-
ment is defined by the following relationship:

DNu ¼ Nux2–0 ! Nux2¼0 ð32Þ

where DNu is the enhancement of the time-averaged Nu. In addi-
tion, Nux2–0 , and Nux2¼0 are the time-averaged Nu for pulsating flow,

Fig. 7. Variations of the local Nusselt number at a given axial position, X = 0.1, against dimensionless time when U ¼ 1þ sin p
8 ' Fo
# $

, and comparison with constant slug flow
condition, U ¼ u

ur
¼ 1.

Fig. 8. Variations of the local Nu number against the Fo number for different angular frequencies where U = 1 + jsin (x2Fo)j and q00
q00r
¼ 1þ sinðp' FoÞ.
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and its corresponding steady slug flow, respectively. As previously
mentioned, the time averaged Nu in this study is defined over a per-
iod of fluctuation 0 6 Fo 6 p, see Eq. (26).

The following can be concluded from Fig. 9:

" Irrespective of angular frequency, the optimal pulsating flow,
U = 1 + jsin(x2Fo)j, increases the time averaged Nu number
compared to constant slug flow condition.
" The time averaged Nusselt number increases up to 27% at the

axial position, X = 0.05, compared to the corresponding constant
slug-flow inside the duct.
" There is an ‘‘optimum frequency’’ which maximizes the Nu

number enhancement. This value depends on the frequency of
the imposed harmonic wall heat flux. For instance, when
x1 = p this optimum value is, x2,opt. = p.
" Downstream of the channel, the pulsation effects decrease; as a

result, the heat transfer enhancement drops. For X P 0.3 the
effects of pulsation are completely damped, and there is no heat
transfer enhancement in the channel. Therefore, it is beneficial
to design heat exchangers considering this length.
" The cost of using a controlled unsteady flow to enhance the

Nusselt number is an increase in the input pumping power. This
power requirement is a function of pressure gradient and flow
rate in unsteady flow. The present model provides a platform
for optimization analyses needed to design cost-effective ‘green’
cooling systems.

7. Conclusion

A new all-time range analytical model is developed to predict
the thermal characteristics of pulsating channel flow under
dynamic time-dependent heat flux and can be used to evaluate:
(i) temperature distribution inside the fluid; (ii) fluid bulk temper-
ature; and (iii) the Nusselt number. Compact relationships are
developed to obtain the thermal entrance length and fully-devel-
oped Nusselt number. For the first the concept of optimal pulsating
flow with an optimum frequency is introduced to maximize the
time averaged Nusselt number. The highlights of this study can
be listed as follows:

" The period of the temperature and Nusselt fluctuation inside
the fluid is the least common multiple of the periods of the heat
flux and the pulsating flow.
" There is a cut-off angular frequency for pulsating flow, i.e.

x2 = 15p, beyond which the Nusselt number yields that of the
constant slug-flow condition.
" Effects of pulsation along the duct decrease as the thermal

boundary layer grows. As such, for X P 0.3 the pulsation effects
are fully-damped and the fluid flow reaches thermally fully-
developed condition.
" There is an optimal pulsating flow with an optimum frequency

which increases the heat transfer rate remarkably compared to
the constant flow condition. Heat transfer enhancements of up
to 27% can be achieved at the thermal entrance region.
" The optimum frequency depends on the angular frequency

of the imposed heat flux. In other words, for an imposed
harmonic wall heat flux, there is an optimum value for the
pulsation frequency which maximizes the heat transfer
enhancement.

The question whether the flow pulsation increases or reduces
the heat transfer rate of convective cooling systems under time
dependent thermal load is answered here as follows: the time
averaged Nu number of pulsating flow is equal to that of steady
flow over a period of fluctuation. However, within the context of
‘‘optimal velocity’’ up to 27% heat transfer enhancement is noted
compared to steady slug flow case.
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Fig. 9. Time averaged Nusselt number enhancement at different axial positions along the duct for various pulsation frequencies where q00 ¼ q00r 1þ sinðpFoÞ½ *.
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